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Introduction:

In the field of CAD, the representation of high quality free-form surfaces with arbitrary topological
structures is a long-standing problem. After the appearance of T-splines and isogeometric analysis (IGA),
combining the two to provide analysis-suitable complex geometry models is possible, while to enhance
the quality of the surface models, two continuity improving approaches are eligible: parametric continuity
methods [7, 5, 9, 1] and geometric continuity methods [4, 6, 2, 3]. Parametric continuity methods
can achieve accurate refinements of surfaces in the neighborhood of singular points, exhibit optimal
convergence in IGA, and have been validated on relatively complex models. Consequently, ensuring
parameter continuity has become a central issue in the study of unstructured spline surface, particularly
for achieving smooth surface joining under arbitrary topologies.

The most commonly used method for improving continuity in the neighborhood of extraordinary points
(EP) on unstructured spline surfaces is the D-patch method. While the method can achieve C! continuity
in the neighborhoods of EPs, it simultaneously leads to a significant degradation in surface quality.
In this work, we propose a local degree-elevation-based framework that significantly improves surface
quality near EPs, while preserving C! continuity and full compatibility with non-uniform ASUT-splines,
ultimately constructing local higher-order unstructured splines. The effectiveness of the proposed method
is demonstrated by several examples through visual rendering, zebra-stripe analysis and convergence
studies, which indicate a clear improvement in surface quality.

Degenerate Patch:

In 2012, Scott et al. [8] formally introduced the concept of unstructured T-splines based on Bézier
extraction. After that, the ASUT-splines [1, 10] are explored in depth for applications in IGA, with
the method to improve the continuity in the neighborhoods of EPs as one of the research focuses.
All studies on parameter continuity in ASUT-spline theory utilize the two D-patch smoothing ma-
trices derived under the uniformity assumption, as provided by Reif [7]. The neighborhood is typi-
cally composed of u bi-cubic Bézier patches s* (i = 0,1, ..., — 1) using the Bézier extraction algorithm
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st (u,v) = Zi:o Zf:o bl B, (u,v), u € [0,U"] ,v € [0,V?] where b, are Bézier points of s’, B, are
bi-cubic Bernstein basis functions and obviously V; = U;;1. To maintain C! continuity at an EP of
valence p, constraints can be written as follows,

si (Oa l) = Si+1 (l,O) ) %si (Ovl) = 7%si+1 (lv 0) (2]‘)

These constraints form a system of cyclic equations. The degenerate patch (D-patch) framework provides
a rigorous mathematical basis for resolving the singularity and continuity issues at EPs. The smoothing
matrix IT ( TTIY°, TIY"* and IIV:° ) is the linear operator that maps a set of initial quasi-control points
B to the constrained control points B that satisfy the D-patch requirements. Formally, IT must satisfy
affine invariance and span the nullspace of the C! continuity constraints. By integrating the non-uniform
D-patch framework with the smoothing matrices above, [11] establishes a robust pipeline for ASUT-
splines. However, despite its theoretical advantages, the D-patch construction often leads to noticeable
surface quality degradation in the neighborhoods of EPs, as illustrated in Fig.1.

» \A’L

Fig. 1: Comparison of the Bézier extraction C? results and D-patches using matrix IIV:° in two unstruc-
tured T-splines models

Degree Elevation and Continuity Improvement:

To address the surface quality limitations of the existing bi-cubic D-patch constructions, we implement
a so-called EEDS (extraction-elevation-degeneration-smooth) pipeline for processing the local neighbor-
hoods of EPs. Considering the unstructured T-spline surface as input, our algorithm consists of four
steps:

e Bézier extraction to obtain C°-continuous patches in the EP neighborhood

For all surface patches except those 2-ring patches of EPs, the blending functions and control points
that influence them can be determined by examining the local knot span vectors of the surrounding
vertices, thus obtaining the element representation form. For the 2-ring patches of an EP, the Bézier
extraction algorithm for a quadrilateral mesh [8] is used to construct the expression for each element.
First, a linear relationship between the control points is defined, then an extraction matrix is constructed,
and finally, the transformation relationship between the spline basis functions and the Bernstein basis
functions is obtained. The two algorithms have opposite approaches, but both yield the same result.

e Split and degree elevation of 1-ring patches of an EP

To reduce the area of the surface affected by degeneration, the 1l-ring bi-cubic Bézier patches of
EPs obtained by Bézier extraction algorithm need to be precisely 2 x 2 split along the center of their
parameter domains. Subdividing a bi-cubic Bézier surface at the parameter center (u = 0.5,v = 0.5)
into four sub-surfaces is essentially a two-dimensional application of the De Casteljau algorithm. For a
cubic curve, splitting it at ¢ = 0.5 results in two sets of control points. This is represented by two 4 x 4
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splitting matrices S; for the left half and S5 for the right half. Similar to subdividing the surface into
four quadrants, we apply these splitting matrices to both the u and v directions of the 4 x 4 control
point grid. Store the control points as P in the u-then-v order, the transformation for each sub-surface
can be written as a single 16 x 16 matrix Wy, to satisfy Q, = WP, k € {LL,LR,UL,UR} where
Wi=818,Wir=8 8, Wy, =5 &85,Wyr =58 S8;.

Degree elevation increases the polynomial degree of the underlying Bernstein basis while preserving
the exact geometry of the Bézier surface. Mathematically, it is achieved by expressing the original surface
in terms of a higher-order Bernstein basis. To elevate a Bézier curve from degree p = 3 to a target degree
k (k > 3), we define a transformation matrix M of size (k + 1) x 4 that M, ; = (?) (’f:f)/(’f)

A Bézier surface is a tensor product construction, which means the elevation can be performed in-
dependently along the u-parameter and v-parameter directions. If we represent the initial 4 x 4 control
points as a bi-cubic grid, the elevation to degree m x n follows this logic: (i) apply the u-direction ele-
vation matrix M, of size (m + 1) x 4 to each column of the grid and (ii) apply the v-direction elevation
matrix M, of size (n + 1) x 4 to each row of the resulting intermediate grid. When the control points
are organized into a single column matrix P (16 x 3), we use the Kronecker Product (®) to represent
the simultaneous transformation in both directions. If the points in P are ordered in the u-then-v order,
the relationship is Q = (M, ® M, )P. In this paper, each Bézier patch of 1-ring face in a UT-splines is
required to be elevated into bi-quintic.

e Patch degeneration

After split and degree elevation, each 1-ring face of the UT-splines contains four bi-quintic Bézier
patches, which have more internal control points. Compared to bi-cubic patches, bi-quintic D-patches
allow for more flexibility in optimizing the surface shape while satisfying C' continuity constraints,
avoiding sharp or wrinkled features near the EPs. Theoretically, smoothing matrices ITV° and ITY"* can
be used to handle situations where the intervals on the spoke edges of EPs are non-uniform, but this
leads to certain limitations. Therefore, we use the non-uniform smoothing matrix IT"° [11] to perform
the degeneration process on the bi-quintic Bézier patches. _

~ Using the feasible constant set A = {at, 844,86 :i=0,1,...,u— 1} that o' =1 — E—Zﬂcoscpu, Bt =
‘[j—zﬁ, A= g—:ﬂ, 5 =1- %Bcos ¢, where f € RY, ¢, = 27/u, and the idempotent non-uniform
smoothing matrix TIV:° is designed as

N,o N,o N,o
Hl T ]'_‘[2 H3
1 N,o N,o N,o
HN’OZB (Hz ) Iy I (2.2)
T T
N,o N,o N,o
(o) (m)

We can project the arbitrary control points {gi,, g%, qi, : 4 =0,1,...,u — 1} of bi-quintic Bézier patches
to obtain quasi control points that satisfy the D-patch conditions, ensuring C! continuity across the spoke
edges.

e Adaptive adjustment and Laplacian smoothing

After processing the control points involved in cyclic constraints, the remaining control points involved
in continuity constraints can be easily decoupled in the constraint equations. We achieve complete C'*
continuity across the spoke edges by adjusting the boundary control points of each Bézier patch.

As mentioned above, for each of the bi-quintic patches, excluding the constrained control points, the
central region will have four internal control points (typically indexed as q&,, qis, @53, @43 ). These points

Proceedings of CAD’26, Athens, Greece, July 6-8, 2026, 26-31
© 2026 U-turn Press LLC, http://www.cad-conference.net



http://www.cad-conference.net

29

provide a certain degrees of freedom to optimize the smoothness of the patch interior without disrupting
boundary continuity. To implement Laplacian smoothing for the 4 inner control points of a bi-quintic
Bézier patch, we leverage the fact that these points are not constrained by the C' boundary conditions.

The goal of Laplacian smoothing is to ensure that each interior point lies at the centroid of its
immediate topological neighbors. For a structured grid, the discrete Laplace’s equation is

Agi; =4qi; — (@i—1; + Qi1 + Qij—1 + Qi j+1) =0 (2.3)

By applying the operator to the four target points, we derive a coupled system because these points are
neighbors of one another. We separate the unknown interior points from the known boundary and ribbon
points and rewrite the system of equations as a compact linear system. It minimizes the tension within
the patch, preventing visual artifacts like bulges or flat spots near the EPs. It respects the C! constraints
while utilizing the higher-order degrees of freedom to optimize the internal shape.

Figure 2 fully illustrates the processing flow of the method presented in this paper.
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Fig. 2: The processing flow of the proposed EEDS method

Numerical Examples:

Several numerical examples are presented in Fig.3 to evaluate the proposed EEDS pipeline, with direct
comparisons to the existing bi-cubic D-patch constructions under both uniform and non-uniform knot
configurations. The examples focus on unstructured T-spline models containing uniform ( the first, third
and fourth examples ) or non-uniform ( the second example ) spoke edges and EPs of different valences,
which are well known to be challenging cases for classical C! continuity constructions. Surface quality
is assessed using visual rendering and zebra stripe analysis, which are particularly sensitive to curvature
irregularities near EPs.

The convergence of isogeometric analysis of an unstructured T-spline surface using the EEDS pipeline
is studied. The initial surfaces are designed to obtain 2, 3 and 5 EPs respectively. To implement
Kirchhoff-Love shell analysis, it is required that the shape functions across the elements satisfy at least
C'" continuity. Consequently, the initial surfaces smoothed by the EEDS scheme and the resulted surfaces
obtained under the globally uniform refinement are tested by the following problem of Poisson’s equation

—Au=g in Q,

(2.4)
u=~0 on 0f).

ﬁndu:Q—HR:{

on the unit square 2 = (0,1)? with g = 272 sin(7x) sin(7y) and the exact solution u = sin(rz) sin(7y).
The numerical accuracy is quantified by computing the errors between the exact solution w and the
numerical approximations. The convergence results for the three unstructured meshes under globally
uniform refinement are plotted in Fig.4. For each mesh configuration, the numerical solution is computed
on a sequence of uniformly refined grids, and the errors ||u® — u|| are reported in the L? L> and H!
norms against the total number of degrees of freedom (DOF). It demonstrates that the numerical errors
systematically decrease at rapid rates under refinement strategies.
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(a) Unstructured meshes (b) Rendering results of the models (c) Zebra-stripes of the models

Fig. 3: Unstructured meshes with uniform or non-uniform spoke edges and results of different models, in
each column from top to bottom: the results of C°, bi-cubic D-patch, and EEDS
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Fig. 4: Convergence study of EEDS, errors in the L?, L>° and H' norms from left to right

It is worth noting that the improvement in surface quality is achieved without altering the global
structure of the unstructured T-spline by introducing additional EPs. All operations are strictly local
to the 1-ring neighborhood of each EP, and the use of the idempotent non-uniform smoothing matrix
IIV° ensures compatibility with non-uniform spoke edges. The final Laplacian smoothing step further
enhances the interior shape of each bi-quintic patch while preserving all C'' continuity constraints. Since
all operations are strictly local and preserve the underlying spline space structure, the proposed method
does not affect the analysis-suitability of ASUT-splines.

This paper presents a localized EEDS framework for improving surface quality in the neighborhoods of
EPs in unstructured T-splines. By locally elevating 1-ring Bézier patches to bi-quintic level and utilizing
unconstrained interior degrees of freedom, the method effectively alleviates surface artifacts such as
dimples and flat regions compared to the existing bi-cubic D-patch constructions. Visual rendering, zebra
stripe analysis and isogeometric convergence studies demonstrate that the proposed approach significantly
improves geometric fairness. Furthermore, the incorporation of a non-uniform idempotent smoothing
matrix ensures the framework maintains robust convergence behavior and full compatibility with analysis-
suitable unstructured T-splines without altering the global topology. Future work will focus on extending
the framework toward higher-order continuity (e.g., C? constructions), exploring advanced optimization
strategies for interior control points, and theoretically investigating the approximation properties and
error distribution of locally elevated patches.
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