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Introduction:
For most of the applications in computer-aided design (CAD), computer graphics, image processing
and computer vision, people use parametric or implicit curves/surfaces to represent 2D/3D shapes.
Parametric curves/surfaces such as composite Bezier curves/surfaces, B-spline curves/surfaces, NURBS
curves/surfaces or subdivision surfaces are preferred in the CAD area because one can adjust or fine tune
the shape of a curve/surface by adjusting its control points locally.

However, for complicated shapes (which is the case in most CAD applications), adjusting the shape
of a curve/surface by interactively adjusting related control points, even just locally, is a laborious and
time-consuming job. So people were wondering if there were other ways or more flexible ways for us to
adjust the shape of a curve or surface instead of just modifying its control points.

For years people tried to find ways to extend/modify the definition of Bézier and B-spline curves so
that one could change the shape of the curve without changing the control points of the curve [3, 4, 5, 6, 7].
But none of the works seem to be intuitive enough for practical applications in the field.

Adding a tension parameter in the representation of a curve or surface seems to be a good option
in that direction. One can adjust the shape of a curve or surface simply by adjusting the value of the
tension parameter globally or locally.

Being able to adjust the shape of a curve or surface locally is especially important for applications
that emphasize visual effects through a morphing process such as carton/game figure design, surgery
simulation, and TV special effects.

This paper presents β-Bézier and β-B-spline curves, which extend the classical Bézier and B-spline
formulations by introducing a tension parameter β derived from the properties of the beta function. By
adapting the De Casteljau and de Boor algorithms, we demonstrate that curve shapes can be modified
through β without altering their control points, maintaining the usual geometric properties while provid-
ing an additional and intuitive means of control.

Main Idea:
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A famous function [1], in mathematics is the beta-function:

b(α, γ) =

∫ 1

0

xα−1(1− x)γ−1 dx. (2.1)

Originally, in this formula, β was used in place of γ. We use γ because β has a different meaning in this
paper. An important property of the beta-function is the recursion property:

b(α+ 1, γ) =
α

α+ γ
b(α, γ), (2.2)

b(α, γ + 1) =
γ

α+ γ
b(α, γ). (2.3)

Let α = λt and γ = λ(1− t). Applying (4) k times and then (5) n− k times, we get

b(λt+ k, λ(1− t) + n− k) =

∏k−1
i=0 (λt+ i)

∏n−k−1
j=0 (λ(1− t) + j)∏n−1

m=0(λ+m)
b(λt, λ(1− t)). (2.4)

If we multiply this by
(
n
k

)
and divide it by b(λt, λ(1− t)), we get a formula for a Bezier curve with a

parameter in it, also known as a β-Bézier curve:

Bn
k (t;λ) =

(
n

k

)∏k−1
i=0 (λt+ i)

∏n−k−1
j=0 (λ(1− t) + j)∏n−1

m=0(λ+m)
. (2.5)

In the limit as λ→∞, the formula converges to

lim
λ→∞

(
n

k

)∏k−1
i=0 (λt+ i)

∏n−k−1
j=0 (λ(1− t) + j)∏n−1

m=0(λ+m)
=

(
n

k

)
tk(1− t)n−k (2.6)

which is the Bernstein polynomials used in the formula for a Bezier curve. This was developed by Zeng
et al. [1].

It has been shown [2] that the properties of β–Bézier curves are easier to study when λ = 1
β . In this

case, we have

Bn
k (t;β) =

(
n

k

)∏k−1
i=0 (t+ iβ)

∏n−k−1
j=0 ((1− t) + jβ)∏n−1

m=0(1 +mβ)
. (2.7)

This is what we call the β-Bernstein basis functions which are used in the formula for a β–Bézier
curve segment:

C(t;β) =

n∑
k=0

Pk B
n
k (t;β) (2.8)

In this formula, Pk are the control points of the curve.

The De Casteljau algorithm is at the heart of Bézier curves. It turns out that there is a De-Casteljau-
like algorithm for β–Bézier curves:
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Algorithm 1 β–Bézier De Casteljau Algorithm
1: for i = 0 to n do
2: P 0

i ← Pi

3: end for
4: for i = 1 to n do
5: for j = i to n do
6: P i

j ←
1−t+(n−j)β
1+(n−i)β P i−1

j−1 + t+(j−i)β
1+(n−i)β P i−1

j

7: end for
8: end for

We know that
t =

x− tk
tk+1 − tk

.

If we substitute this into line 6 of the β–Bézier De Casteljau algorithm, we obtain the following algorithm:

Algorithm 2 Iterative β–de Boor Algorithm
1: for j = 0 to p do
2: d[j]← c[j + k − p]
3: end for
4: for r = 1 to p do
5: for j = p down to r do
6: if t[j + k − r + 1]− t[j + k − p] = 0 then
7: α← 0
8: else
9: α← x− t[j + k − p]

t[j + k − r + 1]− t[j + k − p]
10: end if
11: d[j]← (1− α) + (p− j)β

1 + (p− r)β
d[j − 1] +

α+ (j − r)β

1 + (p− r)β
d[j]

12: end for
13: end for
14: return d[p]

Proceedings of CAD’26, Athens, Greece, July 6-8, 2026, 146-153
© 2026 U-turn Press LLC, http://www.cad-conference.net

http://www.cad-conference.net


149

Fig. 1: Pascal Triangle for the Quadratic Case

The iterative β-de Boor algorithm has a time complexity of O(p2), where p is the spline degree. The
initialization loop executes p+ 1 times, while the nested loops perform

p∑
r=1

(p− r + 1) =
p(p+ 1)

2

iterations in total. Since the computations inside each iteration consist only of constant-time arithmetic
and vector operations, the overall complexity remains quadratic in the spline degree. The algorithm
requires O(p) space due to the temporary array used to store intermediate control points.

This algorithm constitutes a procedural method for generating what we call β-B-Spline curves, which
are in essence B-Spline curves but with a parameter β in their formula. Figure 1 and the below figures
show derivations of the formulae for a cubic and a quadratic B-Spline curves:

P 2
2 =

tk+1 − t

tk+1 − tk

(
tk+2 − t

(tk+2 − tk)(1 + β)
P0 +

t−tk
tk+2−tk

+ β

1 + β
P1

)

+
t− tk

tk+1 − tk

( tk+1−t
tk+1−tk−1

+ β

1 + β
P1 +

t− tk−1

(tk+1 − tk−1)(1 + β)
P2

)
.

(2.9)

P0 P1 P2 P3

P 1
1 P 1

2 P 1
3

P 2
2 P 2

3

P 3
3

A1,1 B1,1 A2,1 B2,1 A3,1 B3,1

A2,2 B2,2 A3,2 B3,2

A3,3 B3,3

P 3
3 = w0 P0 + w1 P1 + w2 P2 + w3 P3, (2.10)
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w0 = A3,3 A2,2 A1,1, (2.11)

w1 = A3,3(A2,2B1,1 +B2,2A2,1) +B3,3 A3,2A2,1, (2.12)

w2 = A3,3 B2,2B2,1 +B3,3(A3,2B2,1 +B3,2A3,1) , (2.13)

w3 = B3,3 B3,2 B3,1. (2.14)

Aj,r =
(1− αj,r) + (3− j)β

1 + (3− r)β
, (2.15)

Bj,r =
αj,r + (j − r)β

1 + (3− r)β
, (2.16)

αj,r =
t− tj+k−3

tj+k−r+1 − tj+k−3
(2.17)

One way to adjust β is to use a slider. Below, we show examples of β-Bézier and β-B-Spline curves.
The figures show how the shape of the curve changes with β.
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(a) β-B-Spline curve with knot vector (0 0 0 0 1 1
1 1) (AKA a β-Bezier Curve)

(b) β-B-Spline curve with knot vector (0 0 0 0 1 1
1 1) (AKA a β-Bezier Curve)

(c) β-B-Spline curve with knot vector (0 0 0 0 1 1
1 1) (AKA a β-Bezier Curve)

(d) β-B-Spline curve with knot vector (0 0 0 0 1 1
1 1) (AKA a β-Bezier Curve)

Fig. 2: Comparison of the four configurations.
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(a) β-B-Spline curve with knot vector (0 0 0 0.25
0.5 0.75 1 1 1)

(b) β-B-Spline curve with knot vector (0 0 0 0.25
0.5 0.75 1 1 1

(c) β-B-Spline curve with knot vector (0 0 0 0.25
0.5 0.75 1 1 1

(d) β-B-Spline curve with knot vector (0 0 0 0.25
0.5 0.75 1 1 1

Fig. 3: Comparison of the four configurations.
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Conclusions:
This paper gives new definitions of Bézier and B-Spline curves. It shows that the new types of curve not
only have all the basic properties of their traditional predecessors but also can deform without their control
points being manipulated. Therefore, we have a curve design technique more general than traditional
Bézier and B-Spline curves.

Future work in this direction includes studying β–B-Spline surfaces and extending the Beta shape
parameter concept into subdivision surfaces.
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