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Introduction:

In this study, we propose to use Jacobi elliptic functions as blending functions for free-form curve formu-
lations. For example, it is known that the shape of a rotating rope can be expressed by elliptic functions,
and it is meaningful to use elliptic functions as blending functions. We propose to use elliptic functions
as blending functions, following the construction method of basis functions for Multiquadratic Curves:
MQ-Curves, which is an Extended Complete Tchebycheff System.

Multiquadratic Curves: MQ-Curves:

Multiquadratic(MQ-)curve [2] uses the space spanned by

U={Lt,Ve+82,/E+1A—-1)2}, c#0,tel=]01]. (2.1)
The normal curve u € A® is an arc of an algebraic curve of order 4, since u lies in the intersection
of the two hyperbolic cylinders 23 — ¢ = ¢® and 2% — (1 — 21)? = ¢®. Eck [2] presented a Bézier-like

representation of MQ-curves and derived some interesting properties. We have now an easy approach to
MQ-curves. The curves possess the convex hull property and the variation diminishing property which
respect to their control polygon byb;b2bs.

Local Basis Function:

Based on Eck [2] in this subsection, we will think about MQ-curve segment. It is defined as

do(c,t) = ap(l —t) + a1/ + (1 — )2 +azv/c? +t2 + ast (2.2)
They introduced a complicated local blending functions for a MQ-curve segment with properties similar

to the Bernstein basis in the case of polynomials. Eq.(2.2) is written as follows

3

dle,t) =D bii(e,t) te01] (2.3)

=0
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Q;(c,t) are defined

Q(e,t) = (s(e) + 0)2§8(t = (Ve + (1 =12+ e/ + (7))

Qa(e,t) =wi(e, 1 —t)

Qs(e,t) =t — alc)Q(c, t) + (alc) — 1)Qa(c, t)

Qole,t) = e, 1 —t) (2.4)

where the auxiliary functions used in the above equations are defined as

s(e) =V +1, (c) = S(S(C) a(c) el (2.5)

c)+c’ :262—|—1—|—CS(C)

In Eq.(2.3) the control points b; is determined by

bo 1 s(e) c 0 ao
b | | 1- ale) s(c) — % c a(c) ay (2.6)
by | a(c) ¢ s(e) — % 1—a(e) a2 ’
b3 0 c s(c) 1 as
The relations among the control points and Eq.(2.3) are

by = ¢0(Ca 0)

b1 = ¢o(c,0) + a(c)y(c,0) = do(c, 1) + (a(c) — D)y (e, 1) + ale)B(e)¢g (¢, 1)

by = ¢0(Ca 1) - a(c)(b/(c’ 1) = ¢0(C7 0) + (1 - OA(C))¢6(C, 0) + a(c)ﬂ(c)q%(c, 0)

bs = ¢o(c, 1) (2.7)

where ‘ denotes differentiation of ¢(c,t) with respect to ¢. Note that Zf:o Q;(c,t) =1for t €[0,1].
No explanation is done on how to derive ;(c,t) in Eck [2]. Therefore we will derive these blending
functions and extend them. From Eq.(2.3),

b1 — by = a(c)pp(c,0)
by — b2 = a(c) ¢y (c, 0) (2.8)

The above equations means that the tangent vectors of a MQ-curve segment are parallel with b; — b
and bz — be at the start point and end points just like the cubic Bézier curve. Eck [2] determine the
coefficient of a(c) such that the curve in at Least three dimensions, b; is in fact the intersection points
of the tangent in ¢(c,0) and the osculating plane in ¢(c, 1), and vice versa for bs.

From Eq(2.4),

o9 o,
ot ot
Because of symmetry between Qq(c,t) and Qs(c, t) along ¢t = 1/2 and Q4(c,t) and Qa(c, t)

(c,1) =0, (¢,1) =0 (2.9)

0%,
ot

o0
(qmzo,gaﬂqm:o (2.10)
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Furthermore the following equations are satisfied:

0 ,t

%h:o =b1 —bo

0 ,t

%hzl = by — by (2.11)

The above conditions are rewritten by using a;

c (Ve +1(az — ag) + a1)
c(VEE+1+2) +1
ez +1 0¢(c,t)
c(VeZ+1+42)+1 Ot =0
c (Ve + 1(az — ag) + az)
c (m—k 20) +1
ever+1 0¢(c,t)

= _ 2.12
c(\/02+1—|—20)+1 ot le=1 ( )

by — by =

by — by =

Derivation of b functions:
We assume that the blending functions h;(, ct) of the MS-segment are linear combinations of fo(c,t) =
1—1t, file,t) = /2 4+ (1 —=1)2, fa(e,t) = V2 +t? and f(5(c,t) = t. Furthermore we assume ho(c, t)
hl(c, 1-— t), hg(c, t) = hl(c, 1-— t).

Then ho(c,t) and hi(c,t) are defined by

3
ho (C, t) = Z aifi(cv t)
=0

3
hi(c,t) = sz’fi(Q t) (2.13)
i=0

where a; and b; do not depend on either c or ¢ and they are constants. Their number is equal to 8. The
conditions on these functions are

ho(c,0) =1, ho(e,1) =0, Wh:l -0
Oho(c,t) (V1420 +1

ot le=0 = cve? +1

The last equation should be satisfied from Eq.(eq:tan0). We need the following conditions for the partition
of unity, which should not depend on either ¢ or ¢t and

hl(c, O) = 0, hl(c, 1) = 0, (2.14)

a0+ag+b0+b1 =1
a1+a2+b1+b2 =0 (215)
We have 9 constraints and the number of variables is 8. Fortunately, these conditions are linearly

dependent, and we can omit one of them. By solving a system of linear equations for a; and b;, i =0, 3,
we obtain €;(c, t) in Eck [2].
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Fig. 1: New blending functions of the MQ-curve segment, (¢,d) = (1,1/2) and (¢, d) = (1, 3).

New Blending Functions:

C('\/62+1+2C)+1

We can control the blending functions by changing the value d = PVEEST

show blending functions with d =1/2 and d = 3 in FIg.1.

in Eq.(2.14). We will

Space spanned by (t,sn((1 —t)K, k),sn(K¢, k), t):
We would like to represent the shape of the rope by blending functions. Using (¢,sn((1—¢) K, k), sn(Kt, k), ¢
and adjusting parameters, the half shape of the rope is given by

C(t) = (t,sn(Kt, k))
=po(1 = t) + prsn((1 — ) K, k) + posn(Kt, k), +pst (2.16)

where p0(070)7 b1 = (07 0)7 b2 = (07 1) and p3 = (17 0)
Then the matric M3 similar to My, ¢ = 0,1, 2 is given by

1 1 0 0 O 0 0 0 ag 1
0 0 1 1 0 0 0 0 ai 0
-1 -K(k) 0 1 0 0 0 0 as 0
0 0 0 0 1 1 0 0 as . 0
0 0 0 0 O 0 1 1 bo o 0 (2.17)
0 0 0 0 -1 —K(k) 0 1 by 0
-1 0 Kk 1 0 0 0 0 b —d
0 1 1 0 O 1 1 0 b3 0
Therefore
bo(t)
by (t
(quqlqu,Q3) b;gt; = (Qanlaq27q3)MF
bs(t)
= (p07p17p27p3)F (218)
Then
(90, q1, 42, 43) = (po, p1,p2, p3)M ! (2.19)

For (k,d) = (0.3,2), we obtain ¢y = (0,0), g1 = (0.5,0.856945), g2 = (0.5,1) and ¢3 = (1,1). Figure
2 show the locations of the control points and the curve generated with these control points to generate
the half shape of the rope.
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Fig. 2: The half shape of the rope

In the full paper, we will propose to use Jacobi elliptic functions as blending functions for free-form curve
formulations based on the method described in this extended abstract. For example, it is known that
the shape of a rotating rope can be expressed by elliptic functions, and it is meaningful to use elliptic
functions as blending functions. We has proposed to use elliptic functions as blending functions, following
the construction method of basis functions for Multiquadratic Curves: MQ-Curves, which is an Extended
Complete Tchebycheff System.

Acknowledgement:

This work was supported by JST CREST Grant Number JPMJCR1911. It was also supported JSPS
Grant-in-Aid for Scientific Research (B) Grant Number 19H02048.

Kengiro T. Miura, https://orcid.org/0000-0001-9326-3130
R.U. Gobithaasan, https://orcid.org/0000-0003-3077-8772
Shahnawaz Shida, https://orcid.org/0009-0008-2079-4801
Dan Wang, https://orcid.org/000-0001-7869-0345

Md Yushalify Misro, https://orcid.org/0000-0003-1906-4998

References:

[1] Helmut Pottmann. The geometry of tchebycheffian splines. Computer Aided Geometric Design,
10(3):181-210, 1993. https://doi.org/10.1016/0167-8396 (93)90036-3

[2] Matthias Eck. Mq-curves are curves in tension. In Tom Lyche and Larry L. Schumaker, editors,
Mathematical Methods in Computer Aided Geometric Design II, pages 217-228. Academic Press,
1992. https://doi.org/10.1016/B978-0-12-460510-7.50020-3

Proceedings of CAD’25, Shenzhen, China, June 23-25, 2025, 267-271
© 2025 U-turn Press LLC, http://www.cad-conference.net



https://orcid.org/0000-0001-9326-3130
https://orcid.org/0000-0003-3077-8772
https://orcid.org/0009-0008-2079-4801
https://orcid.org/000-0001-7869-0345
https://orcid.org/0000-0003-1906-4998
https://doi.org/10.1016/0167-8396(93)90036-3
https://doi.org/10.1016/B978-0-12-460510-7.50020-3
http://www.cad-conference.net

