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Introduction: 
Lattice structures (LSs) have been an emerging solution toward lightweight and mechanically efficient 
structures [2-3]. However, while the lattice structure presents a vast design space and advantage, it 

also poses a challenge to existing design methods. Existing LSs design methods rarely consider 

microstructures with functionalities, like negative Poisson's ratio [8] and extreme thermal expansion 
[5]; Therefore, this work proposes a method based on topology optimization and homogenization 
theory to design hybrid lattice structures with multiple functional microstructure configurations to fill 
the gap in the design approach for multi-functional lattice structures. The flow chart of the proposed 
method is shown in Fig 1. There are two steps in this method. At first, multiple functional 
microstructure lattice units are obtained through topology optimization and homogenization theory. 
Then, the microstructures are treated as homogeneous materials with effectively homogenized 
properties for macroscopic analysis, and the ordered SIMP (Solid isotropic material with penalization) 
interpolation method [7] is applied to achieve the interpolation of multiple microstructures. Finally, 
the obtained hybrid lattice structure theoretically has both the properties of macroscopic optimization 
and the functionalities of microstructure units. Both the microstructure and macrostructure design 
variables are updated by the Method of Moving Asymptote (MMA) algorithm [4]. 
       To verify this proposed method, an optimization model that the functional microstructure is set 
to be zero thermal expansion coefficient, and a standard minimized compliance problem is considered 
in macroscale is created. Numerical examples and data comparisons are presented. 

Main Idea: 
Functional microstructure design with Zero thermal expansion  
In this section, a numerical procedure for 2D thermal elastic microstructure topology optimization of 
three-phase materials (two solid and one void materials, the properties are shown in Tab.1.) is 
introduced, whose optimization model can be expressed as: 
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Fig. 1: Flow chart of the proposed method. 
 

 Young’s moduli  Passion ratio  Thermal expansion coefficient  

solid material 1 
 

0.3 
 

solid material 2 
 

0.3 
 

 
Tab. 1: The mechanical properties of solid material. 

 

where  ( ) is the effective thermal expansion tensor.  and  are two volume fractions for 

two solid materials.  is the volume of the whole domain.  is the volume of the element.  is the 

number of elements.   and  are two local design variables for two solid materials. To avoid 

singularity, the “void” phase is taken as a small number  times material tensors of phase solid 

material 1. and   ( ) is the predefined upper and lower volume fraction limits. Generally, 

zero thermal expansion design is usually achieved at the expense of the overall stiffness of the 
composite. Thus, a lower bound constraint on the overall composite stiffness ( ) is introduced 

here to ensure the composite stiffness performance.  indicates the effective bulk moduli, which can 

be expressed in terms of the components of the effective elasticity tensor : 

  (2) 

and  is the prescribed minimum bulk moduli value. 

       The effective properties of the microstructure can be obtained by using homogenization theory 

[1]; the effective elasticity tensor  and thermal strain tensor can be written as: 
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(3) 

 
 

(4) 

where |Y| denotes the volume of the unit cell and  is known as a test strain field. ε is the virtually 

local strain field.  and  are the locally varying stiffness tensor and local thermal strain tensor, 

respectively, which can be interpolated by the extended SIMP interpolation scheme; it can be 
formulated as:    

 
 

(5) 

 
 

(6) 

where  and  ( ) are represented stiffness tensor and thermal strain coefficient tensor for 

solid material 1 and solid material 2, respectively. P1 is the penalty coefficient. The equivalent thermal 

expansion tensor  can be calculated by: 

 
 

(7) 

Finally, three designed zero thermal expansion microstructures with different volume fractions are 
shown in below table: 
 

 
  

Configuration Bulk 
moduli 

 

Objective 

function  

Effective elastic 

tensor  

Microstructure1 0.2 0.2 

 

100 
 

 

Microstructure2 0.25 0.25 

 

150 
 

 

Microstructure3 0.3 0.3 

 

200 
 

 

 
Tab. 2: The mechanical properties of three pre-designed microstructures.  

 
Hybrid lattice structure design based on ordered SIMP  
This section describes the topology optimization in macroscale; the optimization model can be 

expressed as： 

 

 

(8) 

where  is the macroscale structural compliance;  is the vector of element densities,   are the 

global stiffness matrix, displacement vector, and force vector, respectively;  and  are the 

material volume and design domain volume, and  is the prescribe volume fraction.  is the 

elementary stiffness matrix, which can be expressed by: 

http://www.cad-conference.net/


274 

 

 

Proceedings of CAD’22, Beijing, China, July11-13, 2022, 271-276 
© 2022 CAD Solutions, LLC, http://www.cad-conference.net 

 

 
 

(9) 

 denotes the strain-displacement matrix, and is the homogenized elastic tensor obtained from the 

previous section. In this work, the designed functional microstructures are anisotropic; all the elastic 
tensor terms could be interpolated by ordered SIMP. 
       In ordered SIMP, multi-microstructures are sorted in the ascending order of their corresponding 
material density . Then, the material densities are normalized as: 

 
 

(10) 

 is the density for the stiffest microstructure; it should be noted that the density of two solid 

materials that compose the microstructure is assumed to be the same, so the density of the 
corresponding microstructure is determined by the sum volume fraction of two solid materials. The 

three microstructures with three normalized densities  shown in Tab.2. are all used in 

this work, then the elastic tensor is presented below, 

 

 

(11) 

where  is the elastic tensor for the stiffest microstructure,  is the ordered SIMP interpolation 

function, which is given as: 

 
 

 

(12) 

where  indicates the elastic tensor of the  microstructure;  is the penalty coefficient in ordered 

SIMP interpolation. 

Case study: 
In this section, the proposed method is validated with a classical 2-D L-bracket benchmark, as shown in 
0. In this example, 4-node quadrilateral elements are adopted. The top edge of the L-bracket is 
clamped, and a vertical load F=4500N is exerted to the right-side upper corner. Note that the load is 
distributed over six nodes to avoid stress concentration. The initial value of design variables is set to 
be 0.3, and the filter radius is 3.5 element sizes. The iterative process will terminate when no further 
improvement of the objective function can be achieved. Namely, the difference of the objective values 
between two adjacent iterations is less than 0.01 in 20 steps, or the maximum iteration number (450) is 
exceeded. 

 
Fig. 2: The boundary conditions for the L-Bracket. 

 

Fig. 3 (a). presents the microstructure distribution and optimal structure. The structure thermal 

distortion under temperature change  is shown in Error! Reference source not found. (b). The 

maximum displacement is , and the compliance of the whole structure is .To make 
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a comparison, Fig. 3(c). shows the optimal result only with solid material 1 under the same volume 

fraction ( ), and the compliance is . The maximum thermal distortion is , 

as indicated in Fig. 3 (d). The experiment results validate that the proposed method could design 
structures with higher stiffness and substantially reduced structural thermal distortion compared to 
the structure optimized with the conventional approach. Fig.4. presents the Full-scale structure of 
optimal result with muti-microstructures. 

 
Fig. 3: (a)The optimal result with muti-microstructures and (b) its thermal expansion (ΔT=30℃); (c) 
The optimal result only with solid material 1 and (b) its thermal expansion (ΔT=30℃). 
 

 

Fig. 4: Full-scale structure. 

Conclusion: 
This work proposed a method based on topological optimization and homogenization theory to design 
hybrid lattice structures with multiple functional microstructure configurations. To verify the 
effectiveness of this approach, microstructures with zero thermal expansion were obtained in this 
work, and it is used to design the optimal stiffness hybrid lattice structure. The final case study shows 
the structure obtained by this method did have the advantage of being more stiffness and less 
thermally expanded than the results obtained from the optimization of pure materials. 
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