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Introduction:

Curves and surfaces are important objects of geometric modeling, which is the core of computer
graphics (CG), computer-aided design (CAD), and computer-aided engineering (CAE). With excellent
properties such as local support, affine invariance, and unified mathematical forms of standard
analytical bodies and free-form curves and surfaces, NURBS is widely used in graphics processing,
CAD and CAE. However, NURBS will encounter serious problems when expressing complex topology.
The shortcomings are mainly reflected in two aspects: (1) The distribution of control points of NURBS
must form a rectangular topology, which makes it necessary to insert the control points in the whole
row and column when inserting knots, resulting in data redundancy; (2) To represent complex models,
the method of merging multiple NURBS surface patches is often used. However, in the actual design,
the geometric continuity of the model suture is difficult to guarantee, and gaps often appear.

To overcome the limitations of NURBS in surface representation, Sederberg et al. [1] proposed the
concept of T-splines in 2003. The T-spline is an extended NURBS with T-junctions. The existence of T-
junctions makes control points do not have to go through the whole row or column of the control
mesh, which breaks through the limitation of rectangular topology. Based on retaining the excellent
properties of NURBS, T-spline also has advantages in local refinement [2], Seamless surface merging
[3][4], and data compression [5]. These advantages make T-spline more and more widely used in CAD
[6-8] and isogeometric analysis [9-11]. Isogeometric analysis is a new analysis method that takes the
basis functions of geometric models as the shape functions and can realize the seamless combination
of CAD and CAE. However, the blending functions of T-spline may be linearly dependent [12], which is
never allowed in isogeometric analysis. For other research on linear independence of T-spline blending
functions, see [13, 14]. To apply T-spline to isogeometric analysis directly, Scott et al. proposed the
concept of analysis-suitable T-splines [14-16]. Based on this, Li Xin et al. defined analysis-suitable++ T-
spline whose blending functions are always linearly independent [17, 18]. In 2020, Wang Jian et al.
proposed a freeform surface reconstruction algorithm based on analysis-suitable T-spline [19], which
expanded the application scope of analysis-suitable T-splines.

To improve the realism of objects, texture mapping is often used to add texture to the geometric
models in CG. While texture mapping has been widely used in mesh surfaces [20], subdivision surfaces
[21] and free-form surfaces [22], its application on T-spline surfaces has not been seen in the
literature. To deal with the problem of lack of realism in T-spline modeling, this paper proposes a
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texture mapping method based on T-spline surfaces, which can improve the visual realism of T-spline
models.

The organization of this paper is given as follows. Section 2 briefly introduces the basic concept of
T-splines. In section 3, the texture mapping based on T-spline surfaces is discussed and several T-
spline surface models are illustrated to verify the effectiveness of the proposed method. Section 4 is
the conclusion.

Main Idea:

T-splines

T-spline is a kind of parametric spline surface defined on T-mesh [1][2], which is a topological mesh
with T-junctions. Each vertex of T-mesh corresponds to a blending function, which is defined in the
local basis function field and is composed of two B-spline basis functions whose parameter directions
are orthogonal to each other, and each B-spline basis function is defined over a local knot vector
determined by the T-mesh. Taking bicubic T-spline as an example (see Figure 1), the local parametric
domain of the blending function corresponding to vertex P is the yellow rectangular region, and the
two red edges perpendicular to each other define the knot vectors of the blending function in different
parameter directions respectively.
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Fig. 1: The parametric domain and knot lines of the blending function corresponding to vertex P on T-
mesh.

Let py, 3, .., P, denote the control points of a T-spline surface, and their weights are
respectively w;, w,, ..., w, . The blending functions corresponding to these control points are
B,(u,v), B,(u,v), .., B,(u,v), then the T-spline surface can be expressed as [1][2]:
_ TEwipiBi(ww)
POLY) = S wimitum) * 0

where B;(u,v) = N;x(WN; ,(v), and N z(w), Nj ) (v) are B-spline basis functions in u direction and v
direction of T-mesh, with degree k and p respectively. For simplicity, the following discussion focuses

on cubic degree T-splines.

Parametric domain, Texture space, and Cartesian space

The texture is generally defined on the unit square domain (0 < U < 1, 0 £ V < 1), which is called
texture space. To paste the two-dimensional texture pattern onto a three-dimensional surface, the
corresponding relationship between the points on the surface and the points in the texture space must
be established. Because the T-spline surface is a parametric surface, each point on T-spline surfaces in
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Cartesian space uniquely corresponds to a topological point in its parametric domain, and its global
coordinates in the parametric domain are also unique. For most T-spline surfaces, its parametric
domain is rectangular. By normalization, the topological points in the parametric domain have one-to-
one correspondence with the points in the texture space, and the mapping relationship between the
texture space and the three-dimensional surfaces is established.

As shown in Figure 2, in Cartesian space, there is a point m(x, y, z) on the surface (Figure 2(c)). Our
purpose is to determine the corresponding texture point P(U, V) in texture space (Figure 2(a)). Since the
topological point corresponding to m in the parametric domain is M(u, v) (Figure 2(b)), and denote the
transverse and longitudinal length of the parametric domain by LengthU and LengthV, it is easy to get
that the coordinates of M and P in their respective spaces are the same after normalization, thus there

isty=—>—and Vv =———, and the texture coordinate corresponding to the point m(x, y, z) in three-
LengthU LengthV

dimensional space is P(——, —
LengthU’ LengthV
surface and the points in texture space can be correctly established.

). In this way, the mapping relationship between the points on the
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Fig. 2: Correspondence of each space: (a) Texture space, (b) T-spline parameter space, and (c)
Cartesian space.

Examples

In CG, once the texture value and normal vector of the object surface are obtained, the strong realism
can be easily constructed. There are two purposes to map texture to T-spline surfaces, and we will
verify it through the following examples:

(1) Texture mapping can significantly improve the realism of a T-spline model and enhance the
graphic display effect (see Figure 3).
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(a) (b)
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Fig. 3: Texture mapping improves the realism of T-spline surfaces: (a) Texture picture, (b) T-spline
model without texture, and red points are control points, (c) Add texture, and (d) Add lighting.

Conclusion:

In this paper, a method of texture mapping based on T-spline surfaces is proposed, and an approach
of calculating texture value and normal vector at visible points of the T-spline surface is given. Finally,
several examples demonstrate the effectiveness of our method. Texture mapping can enrich the
surface details of T-spline surfaces, greatly enhance the visual realism of T-spline models, and help to
expand the application of T-splines in 3D modeling.
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